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Abstract
Cosymplectic geometry can be viewed as an odd dimensional counterpart of symplectic ge-
ometry. As in the symplectic case, a related property which is preservation of closed forms
ω and η, refers to the theoretical possibility of further understanding a cosymplectic manifold
(M,ω, η) from its group of diffeomorphisms. This paper studies the structure of the group of
cosymplectic diffeomorphisms of a compact cosymplectic manifold (M,ω, η) in threefold: (I) We
define and study the space of cosymplectic vector fields, this set forms a Lie group whose Lie
algebra is the group of cosymplectic diffeomorphisms, and we study cosymplectics counterpart
of the Moser isotopy method, a proof of a cosymplectic version of Darboux theorem follows; (II)
we study the cosymplectic analogues of a result that was proved by Hofer-Zehnder, a cosym-
plectic analogue of Hofer-like geometry follows, the group of co-Hamiltonian diffeomorphisms
carries two bi-invariant norms; and (III) we define and study the cosymplectic counterpart of
flux geometry, this gives rise to a group homomorphism Sη,ω, whose kernel is path connected.
This includes some constructions that could be useful for subsequent development of almost
cosymplectic geometry.
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1 Preliminaries
1.1 Cosymplectic vector spaces
A bilinear form on a vector space V is a map b : V ×V −→ R which is linear in each variable.
When b(u, v) = −b(v, u), for all u, v ∈ V , then b is called antisymmetric.
Theorem 1.1. (Standard form for antisymmetric bilinear maps) Let b be an anti-
symmetric bilinear map on V . Then there is a basis u1, . . . , uk, e1, . . . , en, f1, . . . , fn of V
such that
∗tchuiagas@gmail.com, Department of Mathematics, The University of Buea, South West Region,Cameroon
†rdjeam@gmail.com, Department of Mathematics, The University of Abomey-Calavi, Benin
‡pierrebikorimana@gmail.com, Institut de Mathematiques et des Science Physiques, Benin
1
ar
X
iv
:1
91
2.
10
63
9v
3 
 [m
ath
.D
G]
  6
 Ja
n 2
02
0
• b(ui, v) = 0, for all i, and for all v
• b(ei, ej) = 0 = b(fi, fj), for all i, j
• b(ei, fj) = δi,j, for all i, j.
Given any non-trivial linear map L : V −→ R, together with a bilinear map b : V ×V −→
R, one defines a linear map
I˜L,b : V −→ V ∗, Y 7→ ι(Y )b+ L(Y )L,
so that I˜L,b(Y )(X) = b(Y,X) + L(Y )L(X), for all X, Y ∈ V .
Definition 1.1. A pair (b, L) consists of antisymmetric bilinear map b : V × V −→ R, and
non-trivial linear map L : V −→ R is called cosymplectic couple if the map I˜L,b is a bijection.
Definition 1.2. A cosymplectic vector space is a triple (V, b, L) where V is a vector space
and (b, L) is a cosymplectic couple.
Proposition 1.1. Let (V, b, L) be a cosymplectic vector space. Then, dim(V ) = 2n+ 1.
Proof. By Theorem 1.1, we have dim(V ) = 2n+ k. So, it is enough to show that k = 1.
Let u1, . . . , uk, e1, . . . , en, f1, . . . , fn be a basis of V as in Theorem 1.1. Since, b(ui, v) = 0, for
all 1 ≤ i ≤ k, and for all v, we derive that I˜L,b(ui) = L(ui)L, for each i. This implies that
ui = I˜
−1
L,b(L(ui)L) = L(ui)I˜
−1
L,b(L) =: L(ui)ξ, (1.1)
for each i, where ξ := I˜−1L,b(L). Since u1, . . . , uk, e1, . . . , en, f1, . . . , fn is a basis of V , then
(1.1) implies that k = 1. This completes the proof. 
Remark 1.2. Let (V, b, L) be a cosymplectic vector space. From the proof of Proposition 1.1,
one can always assume that L(ξ) = 1 (of course after normalization, if necessary), and we
also have b(ξ, v) = 0, for all v ∈ V . We shall call the vector ξ, the Reeb vector of (V, b, L).
Remark 1.3. Let (V, b, L) be a cosymplectic vector space of dimension (2n + 1). Then, the
(2n + 1)−multi-linear map B, defined by B := L ∧ b ∧ · · · ∧ b︸ ︷︷ ︸
n−times
, is non-trivial. Indeed, By
Proposition 1.1, let ξ, e1, . . . , en, f1, . . . , fn be a basis of V as in Theorem 1.1, and set v1 = ξ,
vi+1 = ei, and vn+i+1 = fi, 1 ≤ i ≤ n. We have
B(v1, . . . , vn, v1, . . . , v2n+1) = (L ∧ b ∧ · · · ∧ b)(v1, . . . . . . , v2n+1),
= Σσ∈S(2n+1)sgn(σ)L(vσ(1))(b ∧ · · · ∧ b)(vσ(2), . . . . . . vσ(2n+1))
= Σσ∈S(2n+1),σ(1)=1sgn(σ)(b ∧ · · · ∧ b)(vσ(2), . . . . . . vσ(2n+1))
= ε1.2. . . . .(n− 1).n,
with ε ∈ {−1, 1}, where S(2n+1) is the set of all permutations of (2n+ 1).
Example 1.1. M = R(2n+1) with coordinates systems (z, x1, . . . , xn, y1, . . . , yn), η = dz, and
ω =
∑n
i=1 dxi ∧ dyi. Hence, dη = 0, dω = 0, and η ∧ ωn = ∓n!dz ∧ dx1 ∧ dy1 ∧ . . . dxn ∧ dyn,
is a volume form on M . Therefore, (M, η, ω) is a cosymplectic manifold.
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1.2 The cosymplectic group
Let F be a linear map form vector space E into another vector space V , and let Ω be any
k−multi-linear map on V . The pullback of Ω by F , denoted F ∗Ω, is the k-form on E defined
by :
F ∗Ω(X1, . . . , Xk) = Ω(F (X1), . . . , F (Xk)),
for all X1, . . . , Xk ∈ E.
Given any cosymplectic vector space (V, b, L) we shall denote by Cosy(V, b, L) the following
set:
Cosy(V, b, L) := {F ∈ GL(V ) : F ∗b = b, F ∗(L) = L}.
Note that Cosy(V, b, L) forms a path connected group called the linear cosymplectic group.
1.3 Cosymplectic Manifolds
Let M be a smooth manifold. An almost cosymplectic structure on M is a pair (η, ω) con-
sisting of a 1−form η, and 2−form ω such that for each x ∈ M , the triple (TxM,ωx, ηx)
is a cosymplectic vector space. Therefore, a cosymplectic structure on M is any almost
cosymplectic structure (η, ω) on M such that dη = 0, and dω = 0. We shall write (M, η, ω)
to mean that M is equipped with a cosymplectic structure (η, ω). We refer the readers to
the papers [12, 11] for further details.
In particular, Remark 1.3 tells us that any cosymplectic manifold (M, η, ω) is oriented
with respect to the volume form η ∧ ωn, while by Remark 1.2 any cosymplectic manifold
(M, η, ω) admits a vector field ξ called the Reeb vector field such that η(ξ) = 1, and ι(ξ)ω = 0.
Example 1.2. M = T(2n+1) = S1 × · · · × S1︸ ︷︷ ︸
(2n+1)−times
with coordinates systems (θ1, . . . , θ2n, α), η
′ =
dα, and ω′ = Σni=1dθi∧dθn+1: Hence, dη′ = 0, dω′ = 0, and η′∧(ω′)n = ∓n!dα∧dθ1∧· · ·∧dθ2n,
is a volume form on M . Therefore, (M, η′, ω′) is a cosymplectic manifold.
Remark 1.4. Note that not all odd dimensional manifolds has a cosymplectic structure.
For instance, let M (2k+1) be any (2k + 1)−dimensional closed manifold with k 6= 0 such
that H∗(M (2k+1),R) denotes its ∗−th de Rham group with real coefficients. Therefore, if
H1(M (2k+1),R) = 0, or H2(M (2k+1),R) = 0, then M (2k+1) has no cosymplectic structure.
In particular, since H1(S(2k+1),R) = 0, then the unit spheres S(2k+1) have no cosymplectic
structures, for k = 1, 2, . . . . This is a consequence of the usual Stockes’ theorem.
Definition 1.3. Let (M, η, ω) be a cosymplectic manifold. A diffeomorphism φ : M −→
M is said to be almost cosymplectic diffeomorphism (or almost cosymplectomorphism) if:
φ∗(ω) = ω, and there exists a smooth function f ∈ C∞(M) such that φ∗(η) = efη.
We shall denote by Cosympη,ω(M) the space of all almost cosymplectomorphisms of
(M, η, ω).
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Definition 1.4. Let (M, η, ω) be a cosymplectic manifold. A diffeomorphism φ : M −→M
is said to be a cosymplectic diffeomorphism (or cosymplectomorphism) if: φ∗(η) = η, and
φ∗(ω) = ω.
We shall denote by Cosymp∗η,ω(M) the space of all cosymplectomorphisms of (M, η, ω).
Definition 1.5. Let (M, η, ω) be a cosymplectic manifold. An isotopy Φ = {φt} is said to
be almost cosymplectic (resp. cosymplectic) if for each t, we have φt ∈ Cosympη,ω(M) (resp.
φt ∈ Cosymp∗η,ω(M)).
We shall denote by Isoη,ω(M) (resp. Iso
∗
η,ω(M)) the space of all almost cosymplectic
(resp. strict cosymplectic) of (M, η, ω), and put
Gη,ω(M) := ev1 (Isoη,ω(M)) . (1.2)
G∗η,ω(M) := ev1
(
Iso∗η,ω(M)
)
. (1.3)
We equip the groups Gη,ω(M) and G
∗
η,ω(M) with the C
∞−compact-open topology [8].
Example 1.3. • If M = R(2n+1) with coordinates systems (z, x1, . . . , xn, y1, . . . , yn), η =
dz, and ω =
∑n
i=1 dxi ∧ dyi, then for each fixed a = (s, a1, . . . , an, b1, . . . , bn), the map
ψa(z, x1, . . . , xn, y1, . . . , yn) = (z + s, x1 + a1, . . . , xn + an, y1 + b1, . . . , yn + bn),
is a cosymplectomorphism of (R(2n+1), η, ω). Furthermore, the map Φa : t 7→ ψta is a
cosymplectic isotopy of (R(2n+1), η, ω).
• If M = T(2n+1) := R(2n+1)/Z(2n+1) equipped with its cosymplectic structure (η, ω)
inherited from the quotient map, then the above translation ψa, induces a rotation Ra
on T(2n+1) which is of course an element of G∗η,ω(T(2n+1)).
• If M = R(2n+1) with coordinates systems (z, x1, . . . , xn, y1, . . . , yn), η = dz, and ω =∑n
i=1 dxi∧dyi, then for each fixed b = (s, a1, . . . , an, b1, . . . , bn), and λ a real number, the
map ψb,λ(z, x1, . . . , xn, y1, . . . , yn) = (e
λz, x1 + a1, . . . , xn + an, y1 + b1, . . . , yn + bn), is a
almost cosymplectomorphism of (R(2n+1), η, ω). Furthermore, the map Φb,λ : t 7→ ψtb,tλ
is a almost cosymplectic isotopy of (R(2n+1), η, ω).
• If M = T(2n+1) := R(2n+1)/Z(2n+1) equipped with its cosymplectic structure (η, ω)
inherited from the quotient map, then the above translation ψb,λ, induces a rotation
Rb,λ on T(2n+1) which is of course an element of Gη,ω(T(2n+1)).
1.4 Tangent bundles
Let Ω1(M) (resp. χ(M) ) be the space of all 1−forms (resp. of all smooth vector fields)
of a cosymplectic manifold (M, η, ω). The cosymplectic structure induces an isomorphism
of C∞(M,R)−modules Iη,ω : χ(M) −→ Ω1(M), X 7→ η(X)η + ι(X)ω. The vector field
ξ := I−1η,ω(η) is called the Reeb vector field of (M, η, ω), and is characterized by: η(ξ) = 1,
and ι(ξ)ω = 0.
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Proposition 1.2. ((η, ω)−decomposition) Let (M, η, ω) be a cosymplectic manifold. Then,
any vector field X on M decomposes a unique way as: X = Xω+Xη, with Xω := I
−1
η,ω(ι(X)ω),
and Xη := I
−1
η,ω(η(X)η).
1.4.1 Cosymplectic vector fields
We would like to study those vector fields X of a cosymplectic manifold (M, η, ω) whose
generating flow ΦX is a cosymplectic isotopy. To that end, we shall need the following fact.
To any smooth isotopy Φ = {φt}, attached is a smooth family of smooth vector fields {φ˙t},
defined by
φ˙t := Xt ◦ φ−1t , (1.4)
for each t, where
Xt(φt(x)) :=
dφt(x)
dt
, (1.5)
for all x ∈M (notice that φ0 = idM). If φt ∈ G∗η,ω(M), i.e., φ∗t (η) = η, and φ∗t (ω) = ω, for all
t, then it follows from the definition of the Lie derivative L that: Lφ˙tω = 0, and Lφ˙tη = 0,
for all t. This motivates the following definitions.
Definition 1.6. Let (M, η, ω) be a cosymplectic manifold. A vector field X is said to be
almost cosymplectic if there is a smooth function µX on M such LXη = µXη, and LXω = 0.
We shall denote by χη,ω(M) the space of all almost cosymplectic vector fields of (M, η, ω).
• If X is an almost cosymplectic vector field such LXη = µη, then the smooth function
µ, is uniquely determined by
µ = ξ(η(X)). (1.6)
• If {φt} is an almost cosymplectic isotopy such that Lφ˙tη = µtη (or, φ∗t (η) = eftη), for
all t, then from the Lie-Cartan formula
φ∗t (Lφ˙tη) =
d
dt
(φ∗t (η)) ,
we derive that
φ∗t (µtη) = φ
∗
t (Lφ˙tη)
=
d
dt
(
eftη
)
= f˙te
ftη,
for each t, i.e., µt ◦φt = f˙t, for each t. Integrating the latter equality in both sides with
respect to the variable t ∈ [0, u], gives
ft =
∫ t
0
µs ◦ φsds,
for each t.
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• Also, we have
(φ−1t )
∗(η) = ehtη, (1.7)
with ht := −ft ◦ φ−1t , for each t. Note that, we have f˙t = µt ◦ φt, whereas dft =
d(
∫ t
0
µs ◦ φsds), for each t.
Proposition 1.3. Let (M, η, ω) be a cosymplectic manifold. For any X, Y ∈ χη,ω(M), we
have [X, Y ] ∈ χη,ω(M).
Proof. Let X, Y ∈ χ∗η,ω(M). From the formulas ι([X, Y ]) = LX ◦ ι(Y ) − ι(Y ) ◦ LX , and
d ◦ LX = LX ◦ d, we derive that L[X,Y ]ω = d(ι([X, Y ])ω) = 0, and
L[X,Y ]η = d(ι([X, Y ])η),
= d(µY η(X)− µXη(Y ))
= η(X)dµY + µY dη(X)− η(Y )dµX − µXdη(Y )
= (dµY )(X)η + µY µXη − (dµX)(Y )η − µXµY η,
since d(η(X)) = LXη = µXη, and d(η(Y )) = LY η = µY η. Hence,
L[X,Y ]ω = (dµY )(X)η − (dµX)(Y )η = fX,Y η,
with
fX,Y := ((dµY )(X)− (dµX)(Y )) ∈ C∞(M),
i.e., [X, Y ] ∈ χη,ω(M). 
Definition 1.7. Let (M, η, ω) be a cosymplectic manifold. An element Y ∈ χη,ω(M), is
called an almost co-Hamiltonian vector field if the 1−form ι(ω)(Y ) is exact.
We shall denote by hamη,ω(M) the space of all almost co-Hamiltonian vector fields of
(M, η, ω).
Definition 1.8. Let (M, η, ω) be a compact cosymplectic manifold. A cosymplectic isotopy
Ψ := {ψt} is called an almost co-Hamiltonian isotopy, if for each t, the vector field ψ˙t is a
co-Hamiltonian vector field, i.e., ψ˙t ∈ hamη,ω(M), for each t.
We shall denote byAHη,ω(M) the space of all almost co-Hamiltonian isotopies of (M, η, ω),
and put
AHamη,ω(M) := ev1 (AHη,ω(M)) . (1.8)
The elements of the set AHη,ω(M) are called almost co-Hamiltonian diffeomorphisms of
(M, η, ω).
Proposition 1.4. Let (M, η, ω) be a cosymplectic manifold. For any X, Y ∈ χη,ω(M), we
have [X, Y ] ∈ hamη,ω(M).
Proof. Since [X, Y ] ∈ χη,ω(M), we derive that ι([X, Y ])ω = LX ◦ ι(Y )ω = d(∓ω(X, Y )).

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Definition 1.9. Let (M, η, ω) be a cosymplectic manifold. A vector field X is said to be
cosymplectic if LXη = 0, and LXω = 0.
We shall denote by χ∗η,ω(M) the space of all cosymplectic vector fields of (M, η, ω).
Corollary 1.1. Let (M, η, ω) be a cosymplectic manifold. For any X ∈ χη,ω(M), the one
1−form Iη,ω(X) is closed.
Proof. For each X ∈ χη,ω(M), since LX = ιX ◦ d + d ◦ ιX , we derive from the equalities
LX(ω) = 0, and LX(η) = µXη, that d(ι(X)ω) = 0, and d(η(X)) = µXη. Thus,
d(Iη,ω(X)) = d(ι(X)ω) + d(η(X)η) = d(ι(X)ω) + d(η(X)) ∧ η = 0 + 0.

In general we do not know whether for any α ∈ Z1(M), the vector field X := I−1η,ω(α) is
a cosymplectic vector field or not. Let Cte(M) be the space of all constant function on M ,
and consider the set
Z1ξ (M) := {β ∈ Z1(M) : β(ξ) ∈ Cte(M)} (1.9)
where ξ is the Reeb vector field. Note that Z1ξ (M) is non-empty, since for any vector field X
on M such that d(ι(X)ω) = 0, we have (ι(X)ω)(ξ) = 0, i.e., ι(X)ω ∈ Z1ξ (M). In particular,
from η(ξ) = 1, we derive that η ∈ Z1ξ (M).
Proposition 1.5. Let (M, η, ω) be a compact cosymplectic manifold. Let α ∈ Z1ξ (M), and
let X := I−1η,ω(α). If {ψt} is the flow generated by X, then for each t we have: ψ∗t (ω) = ω,
and ψ∗t (η) = η.
Proof. Since dIη,ω(X) = dα = 0, then we drive that LX(ω) = −LX(η) ∧ η. But,
ι(X)ω + η(X)η = α, and α ∈ Z1ξ (M) imply that η(X) = α(ξ) = cte. So, d(η(X)) =
d(α(ξ)) = 0, and this implies that LX(η) = d(η(X)) = 0, and LX(ω) = −LX(η) ∧ η = 0.
This concludes the proof. 
Proposition 1.6. Let (M, η, ω) be a cosymplectic manifold. The mapping,
]η,ω : χ
∗
η,ω(M) −→ Z1ξ (M), X 7→ Iη,ω(X),
is a linear isomorphism.
Proposition 1.7. Let (M, η, ω) be a cosymplectic manifold. For any X, Y ∈ χ∗η,ω(M), we
have [X, Y ] ∈ χ∗η,ω(M).
Proof. Let X, Y ∈ χ∗η,ω(M). From the formulas ι([X, Y ]) = LX ◦ ι(Y ) − ι(Y ) ◦ LX , and
d◦LX = LX◦d, we derive that L[X,Y ]ω = d(ι([X, Y ])ω) = 0, and L[X,Y ]η = d(ι([X, Y ])η) = 0.
Hence, [X, Y ] ∈ χ∗η,ω(M). 
Proposition 1.8. Let (M, η, ω) be a cosymplectic manifold. If X ∈ χ∗η,ω(M), then we have
Xη ∈ χ∗η,ω(M), and Xω ∈ χ∗η,ω(M).
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Proof. Let X ∈ χ∗η,ω(M). Since LXω = 0, and X = Xω +Xη, we derive that
LXηω = −LXωω.
We claim that LXηω = 0. In fact, in any co-Darboux chart (x1, . . . , xn, y1, . . . , yn, z), we
have ω =
∑n
i=1 dxi ∧ dyi, η = dz, and Xη = fζ, where f is a smooth function defined on
the domain of the corresponding chart, and ζ is the corresponding Reeb vector field. Thus,
LXηω = Lfζω = fLζω = 0. So, we have LXηω = 0, which together with LXηω = −LXωω,
implies that LXωω = 0. Similarly, from LXηη = −LXωη, we derive that LXηη = 0. 
Definition 1.10. Let (M, η, ω) be a cosymplectic manifold. An element Y ∈ χ∗η,ω(M), is
called an η−vector field if the 1−form ι(Y )ω = 0, whereas, Y is called a ω−vector field if
the function η(Y ) is trivial.
Example 1.4. Let Y be any cosymplectic vector field. Then in the decomposition, Y =
Yη + Yω, we have that Yη is a ω−vector field, while Yω is an η−vector field.
Definition 1.11. Let (M, η, ω) be a cosymplectic manifold. An element Y ∈ χ∗η,ω(M), is
called a co-Hamiltonian vector field if the 1−form Iη,ω(Y ) is exact.
We shall denote by ham∗η,ω(M) the space of all co-Hamiltonian vector fields of (M, η, ω).
Definition 1.12. Let (M, η, ω) be a cosymplectic manifold. A cosymplectic isotopy Ψ :=
{ψt} is called a co-Hamiltonian isotopy, if for each t, the vector field ψ˙t is a co-Hamiltonian
vector field, i.e., ψ˙t ∈ ham∗η,ω(M), for each t.
We shall denote by Hη,ω(M) the space of all co-Hamiltonian isotopies of (M, η, ω), and
put
Hamη,ω(M) := ev1 (Hη,ω(M)) . (1.10)
The elements of the set Hamη,ω(M) are called co-Hamiltonian diffeomorphisms of (M, η, ω).
Proposition 1.9. Let (M, η, ω) be a cosymplectic manifold. For any X, Y ∈ χ∗η,ω(M), we
have [X, Y ] ∈ ham∗η,ω(M).
Proof. Since [X, Y ] ∈ χ∗η,ω(M), we derive that
ι([X, Y ])ω = LX ◦ ι(Y )ω = LX ◦ ι(Y )ω = ∓d(ω(X, Y )) = d(∓ω(X, Y )).

Example 1.5. • As in Example 1.3, let M = R(2n+1) with coordinates systems
(z, x1, . . . , xn, y1, . . . , yn), η = dz, and ω = Σ
n
i=1dxi ∧ dyi, then for each fixed a =
(s, a1, . . . , an, b1, . . . , bn). Since the map Φa : t 7→ ψta is a cosymplectic isotopy, then its
generating vector field X :=
∑n
i=1
(
ai
∂
∂xi
+ bi
∂
∂yi
)
+ s ∂
∂z
, is a cosymplectic vector field.
• Let (M, η, ω) be a closed cosymplectic manifold. The Reeb vector field ξ of (M, η, ω)
is a cosymplectic vector field since ι(ξ)ω = 0, implies Lξ(ω) = 0, and also η(ξ) = 1,
implies Lξ(η) = d (η(ξ)) = d(1) = 0.
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1.5 Cosymplectic and almost cosymplectic flows
1. Let {φt} ∈ Hη,ω(M) such that Iη,ω(φ˙t) = dft, for each t. Then, from the relations
φ˙−t :=
˙
φ−1t = −(φ−1t )∗(φ˙t),
for each t and
ι((φ−1t )∗(φ˙t))α = −φ∗t (ι(φ˙t)((φ−1t )∗(α))),
for all p−form α, we derive that
Iη,ω(φ˙−t) = −φ∗t (ι(φ˙t)ω)− φ∗t (η(φ˙t))η = −φ∗t (Iη,ω(φ˙t)) = d(−ft ◦ φt), (1.11)
for all t. Hence, {φ−1t } ∈ Hη,ω(M), and Iη,ω(φ˙−t) = d(−ft ◦ φt), where φ−1t =: φ−t, for
each t.
2. Note that if ΦF = {φt} is a co-Hamiltonian isotopy such that Iη,ω(φ˙t) = dFt, for all t,
then for all ρ ∈ G∗η,ω(M), the isotopy Φ¯ : t 7→ ρ−1 ◦ φt ◦ ρ is co-Hamiltonian: In fact,
from ˙¯Φt = ρ
−1
∗ (φ˙t), we derive that Iη,ω(
˙¯Φt) = ρ
∗(Iη,ω(φ˙t)) = d(Ft ◦ ρ), for each t.
3. Similarly, if {ψt}, {φt} ∈ Hη,ω(M) such that Iη,ω(φ˙t) = dft, and Iη,ω(ψ˙t) = dht, for each
t, then we have
Iη,ω(
˙φt ◦ ψt) = d(ft + ht ◦ φ−1t ), (1.12)
for each t.
4. Let {φt} ∈ Iso∗η,ω(M). Then, for each t, we have
Iη,ω(φ˙−t) = −φ∗t (Iη,ω(φ˙t)).
5. Similarly, if {ψt}, {φt} ∈ Iso∗η,ω(M), then for each t, we have
Iη,ω(
˙φt ◦ ψt) = Iη,ω(φ˙t) + (φ−1t )∗(Iη,ω(ψ˙t)).
6. Let {φt} ∈ Isoη,ω(M) such that Lφ˙tη = µtη, (or φ∗t (η) = eftη), for each t. Compute,
Lφ˙−tη = φ∗t
(
d
dt
(
(φ−1t )
∗(η)
))
(1.13)
= φ∗t
(
d
dt
(
e−ft◦φ
−1
t η
))
= φ∗t
(
η
d
dt
(
e−ft◦φ
−1
t
))
= (−( ˙ft ◦ φ−1t ) ◦ φt)η,
i.e., Lφ˙−tη = ϑtη, for all t, with ϑt := −(
˙
ft ◦ φ−1t ) ◦ φt.
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7. If {ψt}, {φt} ∈ Isoη,ω(M) such that Lφ˙tη = µtη, (or φ∗t (η) = eftη), and Lψ˙tη = µ′tη, (or
ψ∗t (η) = e
qtη), for each t, then we have
L ˙φt◦ψtη = ((φt ◦ ψt)
−1)∗
(
d
dt
((φt ◦ ψt)∗(η))
)
, (1.14)
= ((φt ◦ ψt)−1)∗
(
d
dt
(
eft◦ψteqtη
))
=
(
˙ft ◦ ψt + q˙t
)
◦ (φt ◦ ψt)−1η,
for each t. Thus,
L ˙φt◦ψtη = %tη, (1.15)
with %t :=
(
˙ft ◦ ψt + q˙t
)
◦ (φt ◦ ψt)−1, for all t.
8. If Φ = {φt} is an almost co-Hamiltonian isotopy such that ι(φ˙t)ω = dFt, for all t, and
Lφ˙tη = µtη, (or φ∗t (η) = eftη), for each t, then for all ρ ∈ Gη,ω(M) such that
ρ∗(η) = ef
ρ
η, the isotopy Φ¯ : t 7→ ρ−1 ◦φt ◦ρ is an almost co-Hamiltonian: In fact, from
˙¯Φt = ρ
−1
∗ (φ˙t), we derive that ι(
˙¯Φt)ω = ρ
∗(ι(φ˙t)ω) = d(Ft ◦ ρ), for each t. On the other
hand, we have
Lρ−1∗ (φ˙t)η = L ˙¯Φtη = (Φ¯−1t )∗
(
d
dt
(
(ρ−1 ◦ φt ◦ ρ)∗(η)
))
= (Φ¯−1t )
∗ d
dt
(
e−f
ρ◦ρ−1◦φt◦ρeft◦ρef
ρ
η
)
,
for all t. Hence, Lρ−1∗ (φ˙t)η = Ht(ρ)η, with
Ht(ρ) := e
−fρ◦ρ−1◦φt◦ρeft◦ρef
ρ d
dt
(
e−f
ρ◦ρ−1◦φt◦ρeft◦ρef
ρ
η
)
◦ (ρ−1 ◦ φt ◦ ρ)−1,
=
(
−dfρ((ρ−1)∗(φ˙t)) + f˙t
)
◦ (ρ−1 ◦ φt ◦ ρ)−1
for each t.
9. For any isotopy Φ = {φt}, we shall denote by C(Φ, η)t the smooth function
x 7→ η(φ˙t)(φt(x)). If Φ = {ψt},Ψ = {φt} ∈ Isoη,ω(M) such that Lφ˙tη = µtη, (or
φ∗t (η) = e
ftη), for each t, then we have
C(Φ ◦Ψ, η)t = η(φ˙t + (φt)∗(ψ˙t)) ◦ (φt ◦ ψt)
= C(Φ, η)t ◦ ψt + η((φt)∗(ψ˙t)) ◦ (φt ◦ ψt)
= C(Φ, η)t ◦ ψt + ((φ−1t )∗(eftη(ψ˙t))) ◦ (φt ◦ ψt)
= C(Φ, η)t ◦ ψt + eft◦ψtC(Ψ, η)t,
for each t, i.e.,
C(Φ ◦Ψ, η)t = C(Φ, η)t ◦ ψt + eft◦ψtC(Ψ, η)t,
for all t.
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10. So, from the above formula, we derive that if Φ = {φt}, is an almost cosymplectic
isotopy such that φ∗t (η) = e
ftη, for each t, then, we have
C(Φ−1, η)t = −eftC(Φ, η)t ◦ φ−1t ,
for all t.
Lemma 1.1. Let (M, η, ω) be a cosymplectic manifold, and let ξ be its Reeb vector field. We
have the following properties.
1. If φ ∈ G∗η,ω(M), then
φ∗(ξ) = ξ.
2. If ψ ∈ Gη,ω(M) with ψ∗(η) = efη, then
ψ∗(ξ) = ef◦ψ
−1
ξ.
Proof. From the formula
Iη,ω(ρ∗(ξ)) = (ρ−1)∗(ι(ξ)ρ∗(ω)) + (ρ−1)∗(ι(ξ)ρ∗(η))η,
for all diffeomorphism ρ ∈ Diff(M), we derive that:
1. If φ ∈ G∗η,ω(M), then for ρ = φ, we have
Iη,ω(φ∗(ξ)) = (φ−1)∗(ι(ξ)φ∗(ω)) + (φ−1)∗(ι(ξ)φ∗(η))η,
= (φ−1)∗(ι(ξ)ω) + (φ−1)∗(ι(ξ)η)η
= η
= Iη,ω(ξ).
Thus, Iη,ω(φ∗(ξ)) = Iη,ω(ξ), implies that φ∗(ξ) = ξ, since Iη,ω is non-degenerate.
2. If ψ ∈ Gη,ω(M) with ψ∗(η) = efη, then
Iη,ω(ψ∗(ξ)) = (φ−1)∗(ι(ξ)ψ∗(ω)) + (ψ−1)∗(ι(ξ)ψ∗(η))η,
= (ψ−1)∗(ι(ξ)ω) + (ψ−1)∗(ef ι(ξ)η)η
= 0 + ef◦ψ
−1
η
= Iη,ω(e
f◦ψ−1ξ).
Thus, Iη,ω(ψ∗(ξ)) = Iη,ω(ef◦ψ
−1
ξ), implies that ψ∗(ξ) = ef◦ψ
−1
ξ, since Iη,ω is non-
degenerate.

The following result generalizes Lemma 1.1. Its proof is an immediate consequence of
the proof of Lemma 1.1.
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Lemma 1.2. Let (Mi, ηi, ωi), i = 1, 2 be two cosymplectic manifolds, and let ξi, i = 1, 2 be
their respective Reeb vector fields. We have the following properties.
1. If φ ∈ Diff(M1,M2) such that φ∗(ω2) = ω1, and φ∗(η2) = η1, then
φ∗(ξ1) = ξ2.
2. If ψ ∈ Diff(M1,M2) such that ψ∗(ω2) = ω1, and ψ∗(η2) = ehη1, then
ψ∗(ξ1) = eh◦ψ
−1
ξ2.
Proposition 1.10. Let (M, η, ω) be a cosymplectic manifold. The set AHamη,ω(M) is a
Lie group whose Lie algebra is the space hamη,ω(M).
Here is a direct consequence of the above remark.
Proposition 1.11. Let (M, η, ω) be a cosymplectic manifold. The set AHamη,ω(M) is a
normal subgroup in the group Gη,ω(M).
Proposition 1.12. Let (M, η, ω) be a cosymplectic manifold. The set Hamη,ω(M) is a Lie
group whose Lie algebra is the space hamη,ω(M).
Here is a direct consequence of the above remark.
Proposition 1.13. Let (M, η, ω) be a cosymplectic manifold. The set Ham∗η,ω(M) is a
normal subgroup in the group G∗η,ω(M).
2 Cosymplectic Structure
In order to further describe some structures of cosymplectic manifolds we shall need the
following result.
Lemma 2.1. ([10]) Let M be a manifold and η, ω be two differential forms on M with
degrees 1 and 2 respectively. Consider M˜ = M × R equipped with the 2−form
ω˜ := p∗(ω) + p∗(η) ∧ pi∗2(du) where u is the coordinate function on R and p : M˜ → M, and
pi2 : M˜ → R, are canonical projections. Then, (M, η, ω) is a cosymplectic manifold if and
only if (M˜, ω˜) be a symplectic manifold.
Note that using Lemma 2.1 together with a result found by Buhosky [6], Banyaga
and Bikorimana [4] have studied the cosymplectic analogue of the C0−rigidity result of
Eliashberg-Gromov [7].
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2.1 Cosymplectic Stability
We shall combine Lemma 2.1 together with the usual Moser stability result from symplectic
geometry to derive a proof of the following weak stability result.
Theorem 2.1. . Let M be a smooth compact manifold of dimension (2n+1), admitting two
cosymplectic structures (η0, ω0) and (η1, ω1) with η0 (resp. ω0) cohomologous to η1 (resp. ω1).
Assume that for each t ∈ [0, 1], the map Iηt,ωt is an isomorphism over the module C∞(M),
where ηt = (1 − t)η0 + tη1, and ωt = (1 − t)ω0 + tω1. Then, there exist a smooth family
of maps {φt} from M to itself, and a smooth family of functions {ft} with φ0 = idM , and
f0 = 1 such that φ
∗
t (ηt) = ftη0, and φ
∗
t (ωt) = ω0, for all t ∈ [0, 1].
Proof. We shall adapt the proof of similar result from symplectic geometry by apply
Lemma 2.1. Consider M˜ = M × S1 equipped with the 2 form ω˜ := p∗(ω) + p∗(η) ∧ pi∗2(du)
where u is the coordinate function on R and p : M˜ → M, and pi2 : M˜ → R, are canonical
projections. Then, by Lemma 2.1, we have that (M˜, ω˜) is a symplectic manifold. Since the
family the of closed 2−forms ω˜t := p∗(ωt) + p∗(ηt) ∧ pi∗2(du), satisfies the assumption of the
symplectic Moser’s stability theorem, then there exists an isotopy ψt such that ψ
∗
t (ω˜t) = ω˜0,
for each t. Now, since p surjective, then fix l ∈ S1, and let Sl be a smooth section of p such
that Sl(x) = (x, l) ∈ M˜ , for all x ∈M . For each t, set φt := p ◦ψt ◦ Sl. These are smooth of
maps from M into itself. Compute,
φ∗t (ωt) = S
∗
l (ψ
∗
t (p
∗(ωt))) = S∗l (ψ
∗
t (ω˜t − p∗(ηt) ∧ pi∗2(du))) = S∗l (ω˜0 − ψ∗t (p∗(ηt) ∧ pi∗2(du))),
= S∗l (p
∗(ω0) + p∗(η0) ∧ pi∗2(du)− ψ∗t (p∗(ηt) ∧ pi∗2(du))),
= ω0 + η0 ∧ d(u ◦ Sl)− ψ∗t (p∗(ηt)) ∧ S∗l (ψ∗t (pi∗2(du)))),
= ω0 + 0− 0,
for each t. On the other hand, since then p∗(∂u) = 0, where ∂u := ∂∂u , we derive from
−p∗(ηt) = ι(∂u)ω˜t, that −φ∗t (ηt) := (S∗l ◦ ψ∗t ◦ p∗)(ηt) = S∗l (ψ∗t (ι(∂u)ω˜t)), and compute,
ψ∗t (ι(∂u)ω˜t) = (ι((ψ
−1
t )∗(∂u))ψ
∗
t ω˜t) = (ι((ψ
−1
t )∗(∂u))ω˜0),
= (ι((ψ−1t )∗(∂u))p
∗ω0) + (ι((ψ−1t )∗(∂u))p
∗η0) ∧ pi∗2(du)− p∗(η0) ∧ (ι((p ◦ ψ−1t )∗(∂u))pi∗2(du)),
i.e.,
ψ∗t (ι(∂u)ω˜t) = (ι((ψ
−1
t )∗(∂u))p
∗ω0)+(ι((ψ−1t )∗(∂u))p
∗η0)∧pi∗2(du)−p∗(η0)∧(ι((p◦ψ−1t )∗(∂u))pi∗2(du)).
Composing the above equality with S∗l gives
−φ∗t (ηt) = S∗l (ι((ψ−1t )∗(∂u))p∗ω0)− S∗l (ι((ψ−1t )∗(∂u))pi∗2(du))η0.
So, if we set ht := p ◦ ψ−1t ◦ Sl, and kt := pi2 ◦ ψ−1t ◦ σ where σ is a section of pi2, then we
derive that
−φ∗t (ηt) = S∗l (ι((ht ◦ p)∗(∂u))ω0)− S∗l (ι((ψ−1t )∗(∂u))pi∗2(du))η0,
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= 0− (pi2 ◦ Sl)∗(ι((kt)∗(∂u))du)η0,
= −(ι((kt)∗(∂u))du)(l)η0.
Take ft := (ι((kt)∗(∂u))du)(1), for each t. It is clear that f0 = (ι((k0)∗(∂u))du)(1) = 1. 
Theorem 2.2. (ω−Stability theorem). Let M be a smooth compact manifold of dimension
(2n + 1), admitting two cosymplectic structures (η, ω0) and (η, ω1) with ω0 cohomologous to
ω1. Assume that for each t ∈ [0, 1], Iη,ωt is an isomorphism over the module C∞(M) where
ωt = (1 − t)ω0 + tω1. Then, there exists a smooth isotopy {φt} such that φ∗t (ωt) = ω0, and
φ∗t (η) = η, for all t ∈ [0, 1].
Proof. We shall adapt the proof of similar result from symplectic geometry. Suppose that
there exists a smooth isotopy {φt} from M to itself such that φ∗t (ωt) = ω0, and φ∗t (η) = η,
for all t ∈ [0, 1]. This implies that if vt(φt(x)) := ddtφt(x), for each x ∈ M , then we must
have Lvt(ωt) + ddtωt = 0, and Lvt(η) = 0. This implies that,
ι(vt)ωt + α = 0, (2.1)
where ω1 − ω0 = dα, and
η(vt) = 0 (2.2)
for all t ∈ [0, 1]. Conversely, suppose that one can find a smooth family of vector fields {vt}
which satisfies (2.1), and (2.2), then its generating isotopy {ψt} will satisfy ψ∗t (ωt) = ω0, and
ψ∗t (η) = η, for all t ∈ [0, 1]. So, it will be enough to solve (2.1), and (2.2). To that end,
first note that (2.1) suggests that if ξ is the Reeb vector field, then α(ξ) = 0, and with this
information, the equations (2.1), and (2.2) are equivalent to:
Iη,ωt(vt) = −α, (2.3)
for all t ∈ [0, 1]. From the non-degeneracy of Iη,ωt , one can solve (2.3) to obtain {vt}. 
Theorem 2.3. (η−Stability theorem ). Let M be a smooth compact manifold of dimension
(2n + 1), admitting two cosymplectic structures (η0, ω) and (η1, ω) with η0 cohomologous to
η1. Assume that for each t ∈ [0, 1], Iηt,ω is an isomorphism over the module C∞(M) where
ηt = (1 − t)η0 + tη1. Then, there exists a smooth isotopy {φt} such that φ∗t (ω) = ω, and
φ∗t (ηt) = η0, for all t ∈ [0, 1].
Proof. We shall adapt the proof of Theorem 2.2. In fact here, vt = −fI−1ηt,ω(ηt), with
η1 − η0 = df for some smooth function f . 
Theorem 2.4. (Stability theorem I). Let M be a smooth compact manifold of dimension
(2n + 1), admitting two cosymplectic structures (η0, ω0) and (η1, ω1) with η0 (resp. ω0)
cohomologous to η1 (resp. ω1). Assume that for each t ∈ [0, 1], Iηt,ωt is an isomorphism over
the module C∞(M) where ηt = (1− t)η0 + tη1, and ωt = (1− t)ω0 + tω1. Then, there exists
a smooth isotopy {φt} such that φ∗t (ωt) = ω0, and φ∗t (ηt) = η0, for all t ∈ [0, 1].
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Proof. Suppose that there exists a smooth isotopy {φt} from M to itself such that
φ∗t (ωt) = ω0, and φ
∗
t (ηt) = η0, for all t ∈ [0, 1]. This implies that if vt(φt(x)) := ddtφt(x), for
each x ∈ M , then we must have Lvt(ωt) + ddtωt = 0, and Lvt(ηt) + ddtηt = 0. This implies
that,
ηt(vt) + f = 0, (2.4)
and
ι(vt)ωt + α = 0, (2.5)
where ω1−ω0 = dα, for all t ∈ [0, 1]. Conversely, suppose that one can find a smooth family
of vector fields {vt} which satisfies (2.5), and (2.4), then its generating isotopy {ψt} will
satisfy ψ∗t (ωt) = ω0, and ψ
∗
t (ηt) = η0, for all t ∈ [0, 1]. So, it will be enough to solve (2.5),
and (2.4). Firstly, note that from (2.5), it follows that: if ξt := I
−1
ηt,ωt(ηt), then α(ξt) = 0, for
each t. This condition suggests that (2.5), and (2.4) are equivalent to:
Iηt,ωt(vt) = −α− fηt, (2.6)
for all t ∈ [0, 1]. From the non-degeneracy of Iηt,ωt , one can solve (2.6) to obtain {vt}. 
Theorem 2.5. (Stability theorem II). Let M be a smooth closed manifold of dimension
(2n + 1), admitting two cosymplectic structures (η0, ω0) and (η1, ω1). Assume that {ηt}
(resp. {ωt}) smooth family of closed 1−forms (resp. closed 2−forms) with endpoints η0 and
η1 (resp. ω0 and ω1 ) where (M, ηt, ωt) is a cosymplectic manifold for each t, such that
• ∂
∂t
[ωt] = [
∂
∂t
ωt] = [dαt] = 0,
• ∂
∂t
[ηt] = [
∂
∂t
ηt] = [dft] = 0, and
• d(αt(ξt)) = 0,
for each t, with ξt := I
−1
ηt,ωt(ηt). Then, there exists a smooth isotopy {φt} such that
φ∗t (ωt) = ω0, and φ
∗
t (ηt) = η0, for all t ∈ [0, 1].
Proof. From ∂
∂t
[ηt] = [
∂
∂t
ηt] = 0, we derive that
∂
∂t
ηt = dft, where ft, is a smooth family
of smooth functions on M , whereas ∂
∂t
ωt = dαt, for each t. So, set ξt := I
−1
ηt,ωt(ηt), for each t,
and from the non-degeneracy of Iηt,ωt , there exists a unique family of vector field {vt} such
that
Iηt,ωt(vt) + αt + ftηt = 0, (2.7)
for each t. Note that with this assumption, it is not hard to see that for such vector field
{vt}, applying ξt in both side of (2.7) implies that ηt(vt) + αt(ξt) + ft = 0. So, if {ρt} is the
generating isotopy of {vt}, then we have
d
dt
(ρ∗t (ηt)) = ρ
∗
t (d(ηt(vt)) + dft) = −ρ∗t (d(αt(ξt))) = 0,
and
d
dt
(ρ∗t (ωt)) = ρ
∗
t (dι(vt)ωt + dαt) = −ρ∗t (d(αt(ξt)ηt)) = 0,
for each t. 
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Lemma 2.2. Let M be a smooth manifold of dimension (2n+ 1). Let Q be a compact sub-
manifold of M , let η0, η1 ∈ Z1(M) and ω0, ω1 ∈ Z2(M) such that (η0, ω0), and (η1, ω1) induce
two cosymplectic structures on a neighborhood of Q with ω0(q) = ω1(q), and η0(q) = η1(q), for
all q ∈ Q. Then, there exist open neighborhoods U0, and U1 of Q, and a local diffeomorphism
ψ : U0 −→ U1 such that ψ∗(ω1) = ω0, ψ∗(η1) = η0, and ψ|Q = id.
Proof. Let η0, η1 ∈ Z1(M) and ω0, ω1 ∈ Z2(M) be as in the above assumption, and
let us show that there exists a neighborhood U of Q such that ω1 − ω0 = dα, and
η1 − η0 = df , where α is a 1−form on M , and f is a smooth function on M . To that
end, we shall adapt the technique used to prove similar result from symplectic geometry.
To that end, fix a Riemannian metric g on M , and identify the normal bundle NQ of Q
with the orthogonal complement Q⊥. Then, the exponential map exp : NQ −→ M is a
diffeomorphism on some
Bδ := {(q, v) ∈ NQ : ‖v‖g<δ},
for δ sufficiently small. We set U := exp(Bδ) (Note that such an δ>0 exists because Q is
compact. For each 0 ≤ t ≤ 1, define
φt(exp((q, v))) = exp((q, tv)).
Note that for t>0, we have that φt realizes a diffeomorphism from U , onto its image in U .
Moreover, we have φ1 = id, φ0(U) = Q, and φt restricted to Q is the identity of Q. Now, set
τ = ω1 − ω0, and σ = η1 − η0, and for each 0<t ≤ 1, set
Yt(φt(x)) =
d
dt
(φt(x)),
for all x ∈M . Now, for any s>0, compute
φ∗1(τ)− φ∗s(τ) =
∫ 1
s
d
du
(φ∗u(τ))du = d
(∫ 1
s
ι(Yu)τ ◦ φudu
)
= dαs.
Similarly, one obtains
φ∗1(σ)− φ∗s(σ) =
∫ 1
s
d
du
(φ∗u(σ))du = d
(∫ 1
s
σ(Yu) ◦ φudu
)
= dfs,
where fs :=
∫ 1
s
σ(Yu) ◦ φudu. For each vector field, u, and v on U , we have
φ∗s(τ)(u, v) = τ(dφs(u), dφs(v)) −→ τ(dφ0(u), dφ0(v)) = 0,
as s −→ 0+ since φ0(U) = Q, and τ = 0 on each TqM , for each q ∈ Q. This implies that
τ = d
(
(φ−11 )
∗(α0)
)
, and similarly, one obtains σ = d
(
f0 ◦ φ−11
)
. Note that the restrictions of
τ , and σ to TqM are trivial since the restriction of φt to Q is the identity map. For instance,
set ηt = η0 + t(η1 − η0), and ωt = ω0 + t(ω1 − ω0) for each t, and derive that
• ∂
∂t
ωt = dτ , and
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• ∂
∂t
ηt = σ,
for each t. Now, for each t, consider It := Iη0,ω0 + t(Iη1,ω1 − Iη0,ω0): Since non-degeneracy is
an open condition, then It is non-degenerate in a smaller neighborhood of Q: for each t, the
couple (ηt, ωt), induces a cosymplectic structure on that neighborhood. We have to show
that if ξt := I
−1
t (ηt), then d(τ(ξt)) = 0.
From ι(ξt)ωt = 0, we derive that td(τ(ξt)) = −Lξtω0, for each t. We claim that for 0<t ≤ 1,
we have Lξtω0 = 0. Proof of the claim: Assume by contradiction that there exists s ∈]0, 1]
such that Lξsω0 6= 0. In particular, since the two forms Lξsω0, and Lξsω1 agree on Q, then
sLξsω1 + (1− s)Lξsω0 6= 0, on a neighborhood of Q. That is,
0 = Lξsωs = sLξsω1 + (1− s)Lξsω0 6= 0, (2.8)
on a neighborhood of Q since ξs is a cosymplectic vector field on a neighborhood of Q.
Formula (2.8) yields a contradiction, and the claim follows. Therefore, from ηt = η0 + t(η1−
η0), and ωt = ω0 + t(ω1 − ω0) for each t, and derive that
• ∂
∂t
ωt = dτ ,
• ∂
∂t
ηt = σ, and
• d(τ(ξt)) = 0,
for each t. From the stability theorem (Theorem 2.5), we can find a smooth family of vector
field Xt defined on a neighborhood of Q such that
It(Xt) + τ + (f0 ◦ φ−1)ηt = 0,
for each t. It is enough to show that there exists a small neighborhood U0 ⊂ U of Q such
that the family of diffeomorphisms ψt defined by the ODE, ψ˙t = Xt ◦ ψt, and ψ0 = 0, which
is defined on U0. By contradiction, assume that no such a neighborhood exists. Then there
exists a sequence of points xi ∈ U and a sequence of si ∈ [0, 1) such that ψt(xi) is defined
for t ∈ [0, 1], and ψti(xi) ∈ ∂U , and as i −→ ∞, xi belongs to the closure of Q. Thus, a
subsequence of qi of xi converges to q0 ∈ Q, and a subsequence ti of st converges to t0 ∈ [0, 1],
whereas the orbit [0, ti] 3 t 7→ ψt(qi) converges to the orbit [0, t0] 3 t 7→ ψt(q0), and since
for each t ∈ [0, t0], we have that ψt(q0) ∈ ∂U which is compact, then ψt0(q0) ∈ ∂U . This is
a contradiction, because Xt being trivial on Q, imposes that ψt(q0) = q0, for each t ∈ [0, t0].
Therefore, take U1 = ψ1(U0), and ψ := ψ1. 
Theorem 2.6. (co-Darboux theorem). On a cosymplectic manifold (M, η, ω) of dimension
(2n+ 1), any point x ∈M has a local coordinate system (z, x1, . . . xn, y1, . . . , yn) in which η,
and ω read: η = dz, and ω = Σni=1dxi ∧ dyi.
Proof. Since for each q ∈ M , we have that (TqM, ηq, ωq) is a cosymplectic vector space,
we fix a Riemannian metric near q, and fix a choice basis ηq, e1, . . . , en, f1, . . . , fn of TqM as
in Theorem 1.1. With this given, we define
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φ : R(2n+1) −→M, (z, x1, . . . , xn, y1, y2, . . . , yn) 7→ expq(zηq +
∑n
i=1 (xiei + yifi)). The map φ
is a diffeomorphism from a neighborhood U of zero in R(2n+1) onto a neighborhood of q ∈M :
Thus, (V , φ˜) defines a chart centered at q, with φ˜ := φ−1, and V := φ(U). Since the differen-
tial of the map expq at the origin is the identity map, and the basis ξ, e1, . . . , en, f1, . . . , fn is
chosen as in Theorem 1.1, it follows that (φ˜∗(ηq), φ˜∗(ωq) and (ηq, ω0) are cosymplectic couples
on U are such that φ˜∗(ηq) and ηq (resp. φ˜∗(ωq) and ω0) agree on TqM . The theorem follows
immediately by applying Lemma 2.2 with Q = {q}. This completes the proof. 
2.1.1 Co-Hamiltonian and almost co-Hamiltonian dynamical systems
• Let N([0, 1] × M ,R) denote the vector space of all smooth functions F defined on
[0, 1] ×M such that ∫
M
Ftη ∧ ωn = 0, for all t. We shall call such functions, time-
dependent co-normalized function. It is clear that any {φt} ∈ Hη,ω(M) determines a
unique co-normalized function F ∈ N([0, 1] ×M ,R), such that Iη,ω(φ˙t) = dFt, for all
t.
• Let X be a co-Hamiltonian vector field of (M, η, ω), and let ΦX be its flow. Since
Iη,ω(X) = dG, for some G ∈ C∞(M,R), we derive that for each p ∈M , we have
d
dt
G(ΦtX(p)) = (dG(X)) (Φ
t
X(p)) = η(X)
2(ΦtX(p)) ≥ 0, for all t, and for all p ∈M . This
means that not as in the symplectic case where the Hamiltonian is constant along the
orbit of its flow; here in the cosymplectic case, along the orbit t 7→ ΦtX(p), the energy
function G, increases with time, and we have G(ΦtX(p)) = G(p)+
∫ t
0
(η(X)2(ΦsX(p))) ds,
for all t, and for all p ∈M . Therefore, it seems that in such a dynamics system, given
a co-Hamiltonian vector field X of (M, η, ω), the orbit t 7→ ΦtX(p) is σ−periodic if and
only if,
∫ σ
0
(η(X)2(ΦsX(p))) ds = 0; and since the map s 7→ η(X)2(ΦsX(p)), is positive
and continuous, then we must have η(X)(ΦsX(p)) = 0, for all s ∈ [0, σ].
• Let Y be an almost co-Hamiltonian vector field of (M, η, ω), and let ΨY be its flow.
Since ι(Y )ω = dH, for some H ∈ C∞(M,R), we derive that for each p ∈M , we have
d
dt
H(ΨtY (p)) = (dH(Y )) (Ψ
t
Y (p)) = ω(Y, Y )◦ΨtY (p) = 0, for all t, and for all p ∈M . So,
in the almost cosymplectic case, along the orbit t 7→ ΨtY (p), the energy function H, is
a constant function. Therefore, it seems to be interesting to investigate what could be
the characteristics of periodic orbits, and fix point theory in the almost co-Hamiltonian
dynamical system.
2.2 Cosymplectic Structure and Symplectic Structure
From Lemma 2.1, we know that: If M is a manifold and η, ω is two differential forms on M
with degrees one and two respectively, S1 is the unit circle, and we consider M˜ = M × S1
equipped with the 2−form ω˜ := p∗(ω) + p∗(η)∧pi∗2(dθ) where θ is the coordinate function on
S1, pi2 : M˜ → S1, and p : M˜ → M, is are projection maps, then, (M, η, ω) is a cosymplectic
manifold if and only if (M˜, ω˜) be a symplectic manifold. We have the following facts:
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1. For any cosymplectic isptopy Φ = {φt}, and for each t, let C(Φ, η)t, denote the constant
function x 7→ η(φ˙t)(x). It is not hard to see that if, Φ = {φt}, and Ψ = {ψt} are two
cosymplectic isotopies, then C(Φ ◦Ψ, η)t = C(Φ, η)t + C(Ψ, η)t.
2. For any cosymplectic (or, almost cosymplectic) isotopy Φ = {φt}, one defines an isotopy
Φ˜ = {φ˜t} of the symplectic manifold (M˜, ω˜) as follows: For each t,
φ˜t : M × S1 −→M × S1,
(x, θ) 7→ (φt(x),RΛt(Φ)(x, θ)),
where
RΛt(Φ)(x, θ) = θ −
∫ t
0
C(Φ, η)s ◦ φs(x)ds mod 2pi.
Furthermore, if we consider the canonical projection p : M˜ → M, then for each t, we
have p ◦ φ˜t = φt ◦ p. Thus, the isotopy Φ˜ = {φ˜t}, is in fact symplectic: since
φ˜t
∗
(ω˜) = (p ◦ φ˜t)∗(ω) + (p ◦ φ˜t)∗(η) ∧ φ˜t∗(pi∗2(dθ)),
= (φt ◦ p)∗(ω) + (φt ◦ p)∗(η) ∧ pi∗2(dθ)
= p∗(ω) + p∗(η) ∧ pi∗2(dθ)
= ω˜.
3. We also have ˙˜φt = φ˙t − p∗(C(Φ, η)t ◦ φt) ∂∂θ , for each t, which implies that
ı( ˙˜φt)ω˜ = p
∗(ı(φ˙t)ω) + p∗(C(Φ, η)t ◦ φt)pi∗2(dθ) + p∗(C(Φ, η)t ◦ φtη), (2.9)
for each t.
2.3 Comparison of norms
Let (M, η, ω) be a closed cosymplectic manifold, and let (M˜, ω˜) be the corresponding sym-
plectic manifold, where M˜ = M × S1 equipped with the 2−form ω˜ := p∗(ω) + p∗(η)∧ pi∗2(dθ)
where θ is the coordinate function on S1, pi2 : M˜ → S1, and p : M˜ → M, is are projec-
tion maps,. Equip M with a Riemannian metric g, and S1 with its natural metric g′, and
then denote by g˜ the corresponding induced product metric on M˜ . Now, consider α to be
a 1−form on M , and let us recall the definition of the uniform sup norm of α : for each
x ∈M , we know that α induces a linear map αx : TxM → R, whose norm is given by
‖αx‖g = sup{|αx(X)| : X ∈ TxM, ‖X‖g = 1}, (2.10)
where ‖.‖g is the norm induced on each tangent space TxM (at the point x) by the Rieman-
nian metric g. Therefore, the uniform sup norm of α, say |.|0 is defined as
|α|0 = sup
x∈M
‖αx‖g. (2.11)
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On the other hand, since p∗(α) is a 1−form on M˜ , then for each (x, θ) ∈ M˜ , we have
‖p∗(α)|(x,θ)‖g˜ = sup{|αx(p∗(Y ))| : Y ∈ T(x,θ)M˜, ‖Y ‖g′ = 1}, (2.12)
= sup{|αx(Y1)| : (Y1 + Y2) ∈ TxM ⊕ TθS1, ‖Y1‖g + ‖Y2‖g′ = 1}
≤ sup{|αx(Y1)| : Y1 ∈ TxM, ‖Y1‖g ≤ 1},
where ‖.‖g (resp. ‖.‖g′) is the norm induced on each tangent space TxM (resp. TθS1) by the
Riemannian metric g (resp. g′). Therefore, for each (x, θ) ∈ M˜ , we have
‖p∗(α)|(x,θ)‖g˜ ≤ ‖αx‖g, (2.13)
which implies that
|p∗(α)|0 ≤ |α|0. (2.14)
2.3.1 Splittings of closed 1−forms
Let H1(M,R) (resp. H1(M˜,R)) denote the first de Rham cohomology group (with real
coefficients) of M (resp. M˜), and let Z1(M) (resp. Z1(M˜)) denote the space of all closed
1−forms on M (resp. M˜). Consider the map
S : H1(M,R)→ Z1(M), (2.15)
to be a fixed linear section of the natural projection
pi : Z1(M)→ H1(M,R). (2.16)
Each α ∈ Z1(M) splits as:
α = S(pi(α)) + (α− S(pi(α))). (2.17)
We shall call the 1−form (α − S(pi(α))) the exact part of α, and throughout all the paper,
for simplicity, when this will be necessary, the latter 1−form will be denoted dfα,S to mean
that it is the differential of a certain function that depends on α and S; while we shall call
the 1−form S(pi(α)) the S−form of α. Let H1(M,S) denote the space of all S−forms, and
define the set B1(M) as:
B1(M) := (Z1(M)\H1(M,S)) ∪ {0}.
We then have the following direct sum:
Z1(M) = H1(M,S)⊕S B1(M), (2.18)
with
dim(H1(M,S)) = dim(H1(M,R))<∞, (2.19)
for each linear section S (see [15]).
Denote by PH1(M,S) the space of all smooth mappings H : [0, 1] → H1(M,S). Since
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both spaces H1(M,S) and H1(M,R) are isomorphic, and H1(M,R) is a finite dimensional
vector space whose dimension is the first Betti number b1(M), then H1(M,S) is of finite
dimension [14]. Thus, there exists a positive constants K1(g) and k2(g) which depend on the
Riemannian metric g on M such that
k1(g)‖α‖L2 ≤ |α|0 ≤ k2(g)‖α‖L2 , (2.20)
for all α ∈ H1(M,S). Now, consider the projection p : M˜ −→M , and let
p˜i : Z1(M˜)→ H1(M˜,R). (2.21)
be the canonical projection, where Z1(M˜) is the set of all closed 1−forms on M˜ . Since the
following composition of linear mappings
H1(M,S) pi−→ H1(M,R) p∗−→ H1(M˜,R),
α 7→ pi(α) 7→ p˜i(p∗(α)),
is continuous, then there is a constant κ0 such that
‖p˜i(p∗(α))‖L2 ≤ κ0|α|0. (2.22)
Now, if S˜ : H1(M˜,R) −→ Z1(M˜) is any fixed linear section of p˜i, then there exists a positive
constant υ0 such that
|S˜(p˜i(θ))|0 ≤ υ0‖p˜i(θ)‖L2 , (2.23)
for all θ ∈ Z1(M˜). Therefore,
0 ≤ |S˜(p˜i(p∗(S(pi(α)))))|0 ≤ υ0‖p˜i(p∗(S(pi(α))))‖L2 ≤ υ0κ0|S(pi(α))|0, (2.24)
for all α ∈ Z1(M).
2.4 Co-Hofer-like geometry
For any X ∈ χ∗η,ω(M), the closed 1−forms ι(X)ω and η(X)η split as:
ι(X)ω = Hω + dUω, (2.25)
and
η(X)η = Kη + dVη. (2.26)
Hence, the closed 1−form, Iη,ω(X) splits as:
Iη,ω(X) = (Kη +Hω) + d (Uω + Vη) . (2.27)
From the above splitting, one defines a norm ‖.‖SC on χη,ω(M) as follows: For any X ∈
χ∗η,ω(M),
‖X‖SC := ‖Kη +Hω‖L2 + νB(d(Uω + Vη)) + |η(X)|, (2.28)
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where ‖.‖L2 is the L2−Hodge norm, and νB is any norm on B1(M) which we assume to be
equivalent to the oscillation norm:
osc(df) = max
x
f(x)−min
x
f(x),
for all f ∈ C∞(M) (see [15]).
Theorem 2.7. Let (M, η, ω) be a compact cosymplectic manifold, let S and T be two linear
sections of the projection pi : Z1(M)→ H1(M,R). Then, the two norms ‖.‖SC, and ‖.‖TC are
equivalent.
Proof. Let X be a strict cosymplectic vector field such that
Iη,ω(X) =
(KSη +HSω)+ d (USω + V Sη ) ,
with respect to the S−decomposition, and
Iη,ω(X) =
(KTη +HTω )+ d (UTω + V Tη ) ,
with respect to the T −decomposition. It is enough to show that there exists C1>0, and
C2>0 such that
C1‖X‖TC ≤ ‖X‖SC ≤ C2‖X‖TC .
Since dim(H1(M,S)) = dim(H1(M,R)) = dim(H1(M, T ))<∞, then all the norms on each of
the spaces H1(M,S) and H1(M, T ) we shall equip H1(M,S) with a basis B (resp. H1(M, T )
with a basis B′) and denote by ‖.‖B (resp. ‖.‖B′) the corresponding norm. So, we only have
to show that
C1(ν
B(d(UTω +V
T
η )) + ‖KTη +HTω ‖B′ + |η(X)|) ≤ (νB(d(USω +V Sη )) + ‖KSη +HSω‖B+ |η(X)|),
(2.29)
and,
(νB(d(USω +V
S
η )) + ‖KSη +HSω‖B+ |η(X)|) ≤ C2(νB(d(UTω +V Tη )) + ‖KTη +HTω ‖B′ + |η(X)|).
(2.30)
The inequalities (2.29) and (2.30) follow from similar arguments to those used in Banyaga [2]
for Hodge’s decomposition. But, here the uniqueness of harmonic part in Hodge’s decompo-
sition is replaced by the fact that H1(M,S)∩B1(M) = {0} (resp. H1(M, T )∩B1(M) = {0}).

Base on Theorem 2.7, we shall denote the norm ‖.‖SC , simply by ‖.‖C no matter the choice
of the linear section S.
2.4.1 Co-Hofer-like lengths
Let Φ = {φt} ∈ Iso∗η,ω(M), for each t, we have
‖φ˙t‖C := ‖Ktη +Htω‖L2 + osc(U tω + V tη ) + |C(Φ, η)t|.
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Therefore, we define the L(1,∞)−version of the co-Hofer-like length of Φ := {φt} as:
l
(1,∞)
Co (Φ) :=
∫ 1
0
‖φ˙t‖Cdt, (2.31)
and, L∞−version of the co-Hofer-like length of Φ as:
l∞Co(Φ) := max
t∈[0,1]
‖φ˙t‖C . (2.32)
Since
Iη,ω(φ˙t) =
(Ktη +Htω)+ d (U tω + V tη ) ,
for each t, we have
Iη,ω(φ˙−t) = −φ∗t
(Ktη +Htω)− d (U tω ◦ φt + V tη ◦ φt) ,
i.e.,
Iη,ω(φ˙−t) = −
(Ktη +Htω)− d (U tω ◦ φt + V tη ◦ φt + ∆t(Kη +Hω,Φ)) ,
with ∆t(α,Φ) :=
∫ t
0
αt(φ˙s) ◦ φsds. Hence, we see that in general, we may have
l
(1,∞)
Co (Φ) 6= l(1,∞)Co (Φ−1), (2.33)
or,
l∞Co(Φ) 6= l∞Co(Φ−1). (2.34)
The restriction of the above lengths to the group Hη,ω(M) will be called co-Hofer lengths,
and denoted l∞CH , and l
(1,∞)
CH . Indeed, if ΦF = {φt} is a co-Hamiltonian isotopy such that
Iη,ω(φ˙t) = dFt, for all t, then
l
(1,∞)
CH (ΦF ) =
∫ 1
0
(
osc(Ft) + |C(ΦF , η)t|
)
dt, (2.35)
and,
l∞CH(ΦF ) = max
t
(
osc(Ft) + |C(ΦF , η)t|
)
. (2.36)
Notice that the lengths l∞CH , and l
(1,∞)
CH are symmetric.
Example 2.1. 1. ConsiderM = T(2n+1) with coordinates systems (θ, θ1, . . . , θn, θ1+n, . . . , θ2n),
η = dθ, and ω =
∑n
i=1 dθi ∧ dθi+1, then for each fixed v = (s, a1, . . . , an, b1, . . . , bn), the
map
ψv(θ, θ1, . . . , θn, θ1+n, . . . , θ2n) = (θ + s, θ1 + a1, . . . , θn + an, θ1+n + b1, . . . , θ2n + bn)
is a cosymplectomorphism of (T(2n+1), η, ω). Furthermore, the map Φv : t 7→ ψtv is a
cosymplectic isotopy of (T(2n+1), η, ω).
Note that, here, the 1−forms dθ, dθ1, . . . , dθn, dθ1+n, . . . , dθ2n are harmonic with respect
to the flat metric, and forms a basis of H1(M, g0). We have
l
(1,∞)
Co (Φv) =
(
2 +
n∑
i=1
(|ai|+ |bi|)
)
= l∞Co(Φv). (2.37)
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2. If ξ is the Reeb vector field of (T(2n+1), η, ω), then Iη,ω(ξ) = dθ, and so, if φθ is the flow
generated by ξ, we have
l
(1,∞)
Co (φθ) = 2 = l
∞
C (φθ) = l
∞
Co(φ
−1
θ ). (2.38)
2.4.2 Displacement energy of fibers
Assume that Φ = {φt} and Φ˜ = {φ˜t} are as defined in the Subsection 2.2 with φ1 6= idM ,
and let lHL denote the Hofer-like length, and by ES, we denote the symplectic displacement
energy defined on the closed symplectic manifold (M˜, ω˜) [2, 15]. Since φ1 6= idM , then
φ˜1 6= idM˜ , i.e., there exists a compact subset B0 ⊂ M˜ such that φ˜1(B0) ∩B0 = ∅. We may
assume that B0 is of the form B × C, with B a compact subset of M , and C a compact
subset of S1. Thus, for each fixed θ ∈ C, the compact fiber B × {θ} is also completely
displaced by φ˜1. Therefore, we have
0<ES(B× {θ}) ≤ lHL(Φ˜), (2.39)
for all θ ∈ C. Since the map θ 7→ ES(B×{θ}) is bounded, and positive on C, then we have
0<
1
2pi
∫
C
ES(B× {.})dθ ≤ lHL(Φ˜). (2.40)
On the other hand, from (2.9), if Iη,ω(Φ˙t) = Htω +Ktη + d(Uη + Uω), then we derive that
ι( ˙˜Φt)ω˜ = p
∗(ı(φ˙t)ω) + p∗(C(Φ, η)t)dθ + p∗(C(Φ, η)tη), (2.41)
= p∗(Htω +Ktη) + d(C(Φ, η)tpi2 + U tη + U tω),
for each t. Thus,
l∞HL(Φ˜) = max
t
(‖p˜i(p∗(Htω +Ktη))‖L2 + osc(C(Φ, η)tpi2 + U tη + U tω)) , (2.42)
≤ max
t
(‖p˜i(p∗(Htω +Ktη))‖L2 + osc(U tη + U tω) + pi|C(Φ, η)t|) .
By (2.24), we have
‖p˜i(p∗(Htω +Ktη))‖L2 ≤ κ0|Htω +Ktη|0,
whereas by (2.20), we have
|Htω +Ktη|0 ≤ k2(g)‖Htω +Ktη‖L2 ,
so, we then derive that
l∞HL(Φ˜) ≤ 2 max{(1 + κ0k2(g)), pi}l∞Co(Fj). (2.43)
Thus, (2.39) and (2.43) imply that
0<
1
4pimax{(1 + κ0k2(g)), pi}
∫
C
ES(B× {.})dθ ≤ l∞Co(Φ), (2.44)
In the rest of this paper, we shall refer to (2.44) as the Co-energy-inequality.
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2.4.3 Gromov area of fibers
Assume that ΦF = {φt} is a co-Hamiltonian isotopy such that Iη,ω(φ˙t) = dFt, for all t, and
Φ˜F = {φ˜t} is defined via ΦF as in the Subsection 2.2 with φ1 6= idM , let CW (B) represents
the Gromov area of a ball B on the closed symplectic manifold (M˜, ω˜) [13]. Since φ1 6= idM ,
then φ˜1 6= idM˜ , i.e., there exists a compact subset B0 ⊂ M˜ such that φ˜1(B0) ∩B0 = ∅. We
may assume that B0 is of the form B × C, with B a compact subset of M , and C subset
a compact of S1. Thus, for each fixed θ ∈ C, the compact fiber B × {θ} is also completely
displaced by φ˜1. Therefore,
0<
1
(2pi)2
∫
C
CW (B× {.})dθ ≤ l∞CH(ΦF ). (2.45)
In the rest of this paper, we shall refer to (2.45) as the co-capacity-inequality.
Here is the cosymplectic analogues of Theorem 6−[9].
Theorem 2.8. Let (M, η, ω) be a closed cosymplectic manifold. Let Φ = {φti} be a sequence
of cosymplectic isotopies, let Ψ = {ψt} be another cosymplectic isotopy, and let φ : M →M
be a map such that
• (φ1i ) converges uniformly to φ, and
• l∞C ({ψt}−1 ◦ {φti})→ 0, i→∞.
Then we must have φ = ψ1.
Proof. Let assume that φ 6= ψ1, i.e., there exists a compact subset B0 ⊆ M which is
completely displaced by (ψ1)−1 ◦ φ, and since the convergence φ1i −→ φ, is uniformly, then
we may assume that (ψ1)−1 ◦ φ1i , displace equally B0, for all i sufficiently large. Fix i0 to
be a sufficiently large natural number. Now, we have a sequence of cosymplectic isotopies
{{ψt}−1 ◦ {φtj}}j≥i0 with time-one map (ψ1)−1 ◦ φ1j , for all j ≥ i0. Thus, we derive from the
Co-energy-inequality that
0<
1
4pimax{(1 + κ0k2(g)), pi}
∫
C0
ES(B0 × {.})dθ ≤ l∞Co({{ψt}−1 ◦ {φtj}}), (2.46)
for some nontrivial compact subset C0 of the unit circle, and for all j ≥ i0. Since the right-
hand side in (2.44) tends to zero as j tend to infinity, then (2.44) yields a contradiction. 
The following result is an immediate consequence of Theorem 2.8, and it can justify the
existence of a cosymplectic counterpart of C0−symplectic geometry (see [3]).
Corollary 2.1. Let Φi = {φti} be a sequence of symplectic isotopies, Ψ = {ψt} be another
symplectic isotopy, and let Ξ : t 7→ Ξt be a family of maps Ξt : M → M , such that the
sequence Φi converges uniformly to Ξ and l
∞
C (Ψ
−1 ◦ Φi)→ 0, i→∞. Then Ξ = Ψ.
Proof. Assume the contrary, i.e., assume that Ψ 6= Ξ. This is equivalent to say that there
exists t ∈]0, 1] such that Ξt 6= ψt. Therefore, the sequence of symplectic paths Φt,i : s 7→ φsti
contradicts Theorem 2.8. 
25
2.4.4 Co-Hofer norm
Let ψ be a co-Hamiltonian diffeomorphism. We define respectively the L(1,∞)−co-Hofer norm
and L∞−co-Hofer norm of ψ as follows:
‖ψ‖(1,∞)CH = inf(l(1,∞)CH (Ψ)), (2.47)
and,
‖ψ‖∞CH = inf(l∞CH(Ψ)), (2.48)
where each infimum is taken over the set of all strict co-Hamiltonian isotopies Ψ with time-
one map equal to ψ.
Theorem 2.9. Let (M, η, ω) be a compact cosymplectic manifold. Then, each of the rules
‖.‖(1,∞)CH , and ‖.‖∞CH induces a bi-invariant norm on Hamη,ω(M).
2.4.5 Co-Hofer-like energies
Let φ ∈ G∗η,ω(M). We define respectively the L(1,∞)−energy and L∞−energy of φ as follows:
e
(1,∞)
C (φ) = inf(l
(1,∞)
C (Φ)), (2.49)
and,
e∞C (φ) = inf(l
∞
C (Φ)), (2.50)
where each infimum is taken over the set of all strict cosymplectic isotopies Φ with time-one
map equal to φ.
2.4.6 Co-Hofer-like norms
The L(1,∞)−version and the L∞−version of the Co-Hofer-like norms of φ ∈ G∗η,ω(M) are
respectively are therefore defined by,
‖φ‖(1,∞)C = (e(1,∞)C (φ) + e(1,∞)C (φ−1))/2, (2.51)
and
‖φ‖∞C = (e∞C (φ) + e∞C (φ−1))/2. (2.52)
Theorem 2.10. Let (M, η, ω) be a compact cosymplectic manifold, let S be an arbitrary
linear section of the projection pi : Z1(M) → H1(M,R). Then, each of the rules ‖.‖(1,∞)C ,
and ‖.‖∞C induces a right-invariant norm on G∗η,ω(M).
Proof. Since checking the other properties of a norm are straight calculations, we shall
just prove the non-degeneracy of the norm ‖.‖∞C : If φ ∈ Gη,ω(M) such that ‖φ‖∞C = 0, then
from the definition of the norm ‖.‖∞C , we derive that there exists a sequence of cosymplectic
isotopies {Φi}, each of which with time-one map φ such that l∞C (Φi)<1/i, for each i. That
is,
• limC0(Φi(1)) = φ, and
• l∞C ({Id}−1 ◦ Φi)→ 0, as i→∞,
where Id is the constant path identity. Hence, by Theorem 2.8, we must have φ = idM . 
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2.5 Almost co-Hofer-like geometry
For any X ∈ χη,ω(M), the closed 1−form ι(X)ω splits as:
ι(X)ω = Hω + dUω. (2.53)
From the above splitting, one defines a norm ‖.‖SAC on χη,ω(M) as follows: For any X ∈
χη,ω(M),
‖X‖SAC := ‖Hω‖L2 + νB(dUω) + Θ(X), (2.54)
with
Θ(X) :=
1
V olη,ω(M)
|
∫
M
η(X)η ∧ ωn|,
where ‖.‖L2 is the L2−Hodge norm, dim(M) = 2n + 1, V olη,ω(M) :=
∫
M
η ∧ ωn and νB
is any norm on B1(M) which we assume to be equivalent to the oscillation norm. One
can derive from Theorem 2.7 that if S and T are two linear sections of the projection
pi : Z1(M)→ H1(M,R), then the two norms ‖.‖SAC , and ‖.‖TAC are equivalent.
2.5.1 Almost co-Hofer-like lengths
Let Φ = {φt} ∈ Isoη,ω(M), such that Lφ˙tη = µtη, for each t, we have
‖φ˙t‖AC := ‖Htω‖L2 + osc(U tω) +Θt(Φ),
with
Θt(Φ) :=
1
V olη,ω(M)
|
∫
M
C(Φ, η)tη ∧ ωn|,
for each t. Therefore, we define the L(1,∞)−version of the almost co-Hofer-like length of
Φ := {φt} as:
l
(1,∞)
Aco (Φ) :=
∫ 1
0
‖φ˙t‖ACdt, (2.55)
and, L∞−version of the almost co-Hofer-like length of Φ as:
l∞Aco(Φ) := max
t∈[0,1]
‖φ˙t‖AC . (2.56)
As in the case of co-Hofer-like length, it seems that in general, we have
l
(1,∞)
Aco (Φ) 6= l(1,∞)Aco (Φ−1), (2.57)
or,
l∞Aco(Φ) 6= l∞Aco(Φ−1). (2.58)
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2.5.2 Almost co-Hamiltonian lengths
The restriction of the above lengths to the group AHη,ω(M) will be called almost co-Hofer
lengths, and denoted l∞AH , and l
(1,∞)
AH . Indeed, if Φ = {φt} is an almost co-Hamiltonian
isotopy such that ι(φ˙t)ω = dFt, and Lφ˙t = µtη for all t, then
l
(1,∞)
AH (Φ) =
∫ 1
0
(osc(Ft) +Θt(Φ)) dt, (2.59)
and,
l∞AH(Φ) = max
t
(osc(Ft) +Θt(Φ)) . (2.60)
If Φ = {φt} is an almost co-Hamiltonian isotopy such that, then it is not hard to check
that l
(1,∞)
AH (Φ
−1) = l(1,∞)AH (Φ), and l
∞
AH(Φ
−1) = l∞AH(Φ), i.e., the lengths l
∞
AH , and l
(1,∞)
AH are
symmetric.
3 Cosymplectic flux geometry
Let {φt} ∈ Isoη,ω(M), since the 1−form Iη,ω(φ˙t) is closed for each t, then its defines a
de Rham cohomology class [Iη,ω(φ˙t)] ∈ H1(M,R). Therefore, to any {φt} ∈ Isoη,ω(M),
corresponds a unique de Rham cohomology class
∫ 1
0
[φ∗t (Iη,ω(φ˙t))]dt ∈ H1(M,R), i.e., we
have a group homomorphism
S˜η,ω : Isoη,ω(M) −→ H1(M,R), {φt} 7→
∫ 1
0
[φ∗t (Iη,ω(φ˙t))]dt. (3.1)
Proposition 3.1. The map S˜η,ω is a continuous and group homomorphism.
Proof. It is clear that S˜η,ω is a continuous group homomorphism. 
It is not hard to see that CHη,ω(M) ⊂ ker S˜η,ω.
Proposition 3.2. If {φt}, {ψt} ∈ Isoη,ω(M) are homotopic relatively to fixed endpoints,
then S˜η,ω({ψt}) = S˜η,ω({φt}).
Proof. This is a consequence of similar result from symplectic case [1].
Let ∼ be an equivalence relation on Isoη,ω(M) defined by: Φ ∼ Ψ if and only if, Φ and
Ψ are homotopic relatively to fixed endpoints. Let ˜Isoη,ω(M) be the quotient space of the
above equivalence relation. Let pi1(Gη,ω(M)) be the first fundamental group of Gη,ω(M), and
set Γη,ω = S˜η,ω(pi1(Gη,ω(M))). The mapping S˜η,ω induces a mapping Sη,ω from ˜Isoη,ω(M)
onto H1(M,R)/Γη,ω such that the following diagram commutes:
˜Isoη,ω(M)
S˜η,ω−−→ H1(M,R)
ev1 ↓ ↓ pi
Gη,ω(M)
Sη,ω−−→ H1(M,R)/Γη,ω,
(I)
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where pi is the quotient map, and ev1 is the time-one map evaluation: pi ◦ S˜η,ω = Sη,ω ◦ ev1.
We have the following factorization result:
Proposition 3.3. Let Φ := {φt} ∈ Isoη,ω(M), and α be any closed 1−form of M . Then∫
M
∆(Φ, η)α ∧ ωn −
∫
M
∆(Φ, α)η ∧ ωn = n!〈[α], [ω(n−1) ∧ η] ∧ S˜η,ω(Φ)〉 (3.2)
where ∆(Φ, •) = ∫ 1
0
•(φ˙t) ◦ φtdt, and 〈., .〉 is the usual Poincare´ scalar product.
Proof. This is a direct consequence of the fact that for each Φ := {φt} ∈ Isoη,ω(M), and
α any closed 1−form of M , we have ι(φ˙t)(α∧η∧ωn) = 0, for each t, combined with Stokes’s
Theorem. 
3.1 Reeb dynamics
Let Φ := {φt} ∈ Isoη,ω(M) be a loop. From Proposition 3.3, we derive that for each x ∈M ,
if OΦx stands for the orbit of x under Φ, then(∫
OΦx
η
)(∫
M
α ∧ ωn
)
−
(∫
OΦx
α
)(∫
M
η ∧ ωn
)
= n!〈[α], [ω(n−1) ∧ η] ∧ S˜η,ω(Φ)〉,
for each closed 1−form α.
• If some y ∈M has a contractible orbit under Φ, then [ω(n−1) ∧ η] ∧ S˜η,ω(Φ) = 0.
• If S˜η,ω(Φ) = 0, then
∫
OΦx α =
(∫
M α∧ωn∫
M η∧ωn
) ∫
OΦx η, for all closed 1−form α, for all x ∈M .
Here is a consequence of the previous items.
Proposition 3.4. Let (M, η, ω) be a smooth closed cosymplectic manifold of dimension
(2n + 1). Assume that the flow Φη of the Reeb vector field is a loop. Then, none of the
orbits of Φη is contractible, and we have
∫
OΦηx α =
(∫
M α∧ωn∫
M η∧ωn
)
, for all closed 1−form α, for
all x ∈M .
Proposition 3.2 seems to tell us that one can estimate the minimal value of the genus
of M by the mean of the homotopic classes of the orbits of Φη. In particular on such a
manifold, for each y ∈ M and each closed 1−form β, saying that ∫OΦηy β = 0, is equivalent
to
∫
M
β ∧ ωn = 0.
Proposition 3.5. The group kerSη,ω is path connected by smooth arcs.
Proof. Let φ ∈ kerSη,ω, by definition, there exists Φ := {φt} ∈ Isoη,ω(M) with φ1 = h
such that
∫ 1
0
Iη,ω(φ˙t)dt = df, for some smooth function on M . As in [1], consider the
2−parameters family of cosymplectic vector field defined by Xs,t(φst(x)) = ∂∂s(φst(x)), for all
x ∈M , then set αt =
∫ 1
0
Iη,ω(Xs,t)ds, and define another smooth family (Yt) of cosymplectic
vector field such that Iη,ω(Yt) = αt − tα1 =: βt, for each t. Compute
∫ 1
0
Iη,ω(Xs,t − Yt)ds =
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d(tf) , for each t, and set Zs,t := Xs,t − Yt, for each s, for each t. The 2−parameters family
of cosymplectic diffeomorphisms Hs,t defined by Zs,t(Hs,t(x)) =
∂
∂s
(Hs,t(x)), for all x ∈ M ,
satisfies Hs,1 = φs, for all s, H1,t ∈ kerSη,ω, for each t. So, t 7→ H1,t is a smooth path in
kerSη,ω with time-one map φ. 
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